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^ . Abstract 

The nonabelian Stokes theorem, representing a Wilson loop as an integral over all the orien- 
^ ; tations in colour space, and the cumulant expansion are used for derivation of the string effective 
d action in SU{2) gluodynamics. The obtained theory is the theory of the rigid string interacting 
with the rank two antisymmetric Kalb-Ramond fields. In this model there exists a phase where 
there are no problems of crumpling and wrong high temperature behaviour of the string tension, 
which are present in the free rigid string theory. The Langevin approach to stochastic quantization 
of the obtained theory is applied. 
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1. Introduction 

There exist several arguments why the Nambu-Goto string is a bad candidate for the gluody- 
namics string. First it contradicts with the parton-hke behaviour observed in deep inelas- 
tic scattering, since the observed scattering amplitudes have a power law fall-off, while the 
Nambu-Goto string gives rise to the exponential fall-off. Second an averaged Wilson loop 
< W{C) > is invariant under orientation-preserving reparametrizations of the oriented contour 
C: < W{C{s)) >=< W{C{a{s)) > when a'{s) > 0, while the Nambu-Goto action is not sensitive 
to the sign of the reparametrization and therefore cannot be a string action corresponding to the 
Wilson loop expansion. Another fact of fundamental importance is that the gluodynamics string 
is an asymptotical theory, which exists only at the distances larger than the correlation length 
of the vacuum Tg ^. This property can be taken into account if one adds to the Nambu-Goto 
term the so-called rigidity term^'^, and it was shown in'^ that the rigidity term actually appears 
in the expansion of the averaged Wilson loop in powers of -p-, where r is the size of the Wilson 
loop. Such an expansion is valid in the confining regime of the Wilson loop, when the ratio 
is small^. This expansion allows one to estabhsh the criterion of confinement in terms of the two 
scalar functions, which parametrize the bifocal correlator of gluonic fields^. 

However there are some obstacles which destroy the status of the rigid string as the gluody- 
namics string. The most serious of them is that the operator product expansion in the rigid string 
theory contains a local operator of dimenion two^, while the operator product expansion in gluo- 
dynamics cannot involve any operators of dimension less than four. Second as a higher-derivative 
theory the rigid string theory has no the lowest-energy state^. Third if the /3-function has no zeros 
the string world sheet is creased (normals are short-ranged), which leads to the so-called problem 
of crumpling^'^ (for a review see^'^). In this case there presents a tachyon (the state with a negative 
norm) in the string spectrum^'^. The last problem of the rigid string theory is that at high tem- 
peratures the value of the free energy per unit length (string tension) does not coincide with the 
behaviour derived from gluodynamics^^. The problems of nonexistence of a lowest-energy state, 
presence of a tachyon in the spectrum, and the wrong high temperature behaviour of the string 
tension are absent in the new nonlocal theory of a string with the negative stiffness, which was 
proposed in^^. However it remains unclear how this model can be derived from the gluodynamics 
partition function or from the Wilson loop expansion. 

An alternative approach to the gluodynamics string was suggested in^^, where it was shown 
that a phase transition occured in the rigid string theory coupled to the Kalb-Ramond fields^^, so 
that the new phase was characterized by the long range order of normals and therefore absence of 
crumpling. Moreover in^^ it was demonstrated that this model gave a consistent solution for the 
free energy of gluodynamics at high temperatures and thus cured the corresponding problem of 
the free rigid string theory. 

The aim of this letter is to show how the theory of a rigid string, interacting with the Kalb- 
Ramond fields, may be derived via the expansion of the Wilson loop written through the non- 
abclian Stokes theorem and the cumulant expansion^'-*^^'^". There exist in literature two versions 
of the nonabelian Stokes theorem: first was suggested in^^'^^, and its important property is the 
presence of the path ordering, while in the second version, suggested in^^, the path ordering was 
replaced by the integration over an auxiliary scalar field from the SU (N^^) / [U (1)]^^"'^'' coset space. 
For the purposes stated above it occures crucial to use the second version of the nonabelian Stokes 
theorem. 

After that we shall apply the Langcvin approach^^ to stochastic quantization of the obtained 
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model. Using the Fourier transformation wc shall find the retarded Green functions of the diffe- 
rential operators standing in the Langevin equations and reduce these equations to the integral- 
differential ones, which can be solved perturbatively. 

The main results of the letter are summarized in the Conclusion. 



2. Rigid string coupled to the Kalb-Ramond fields from the Wilson 
loop expansion and the Langevin approach to its quantization 

We shall start with the nonabelian Stokes theorem, suggested in^*, and consider the SU{2) 

case. Then one can write the Wilson loop W{C) — trPexp i § A^^f^dxn in the following way-*^^ 



c 



W{C) = I Dnexp y ( - / da^pFl^pu' + j da^pe''''n\D^ny {D^r 



(1) 



s s 

where n is a unit 3- vector which characterizes the instant orientation in the colour space, J = |, 
1, |, ... is the spin of the representation of the Wilson loop considered, F^p = daA^^ — dpAl^+ 
+£^j''Ai^Ap, D^J — 5^Wa — s^^^A^, and -S" is any surface bounded by the contour C. It should be 
emphasized that the representation of the Wilson loop is fixed to be exactly J by the second term 
on the right hand side of equation (1) (the so-called Wess-Zumino term), which breaks down the 
isotropy of the n-space. Therefore while dealing with the Wilson loop in a given representation, 
considering the integration over ri in (1) as some averaging procerure and using the cumulant 
expansion^'^^'^^ one gets in the bilocal approximation^ 



W{C) = exp 



ij f f 

— J daafi < Gap >n — ^ / daa(3{x)d(j ^y{x ) < Ga(3{x)G^,u{x') >f 



(2) 
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where = F^^n^ — e^^'^n^ (Dafty (Dpfi)'' , so that the first term on the right hand side of equation 
(2) does not vanish (since the averaging is performed only over the n-field, but not over the physical 
vacuum), and < Gajj >n is some antisymmetric tensor field. 

In what follows we shall use the method suggested in^ and consider —lnW{C) with W{C) 
defined via (2) as a gluodynamics string effective action. At this point we shall quote its resulting 
form (5), which is the action of the rigid string interacting with the Kalb-Ramond fields. Gaussian 
integration over the latter in (5) yields the long range Coulomb potentiaP^ 

V{x{0-x{aa) ^ 



TT {xiO-x{C')Y + a^y^' 

with the coupling constant go — aoacouiomb = oco^i where in order to avoid the singularity at 
^ = ^' we introduced a cut-off a, which was reasonable to be taken of the order of the correlation 
length of the vacuum Tg. Let us then introduce a dimensionless field = aA^^ and an auxiliary 
Abelian field H^, which satisfies the equation 

7 j d''x{e^,xpT^,dxHp - -fH^) = iJ j daaf^e'^' < n\Dany{Dpnf >h, (3) 

5 

where 7 is an arbitrary parameter, J^^^, =< >H-,fl,v = 9fj,Bl — d^B^^ + ^e'^^'^Bj^B'^. The 

dependence on the parameter 7 drops out when one integrates over the field H^, which leads to 
the Lagrangian of the antisymmetric tensor field 
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^ = -^^M-A^^M-A, (4) 

where K^^x = d^J-'^\ + di^Tx^ + dxT^i,. Parametrizing the bilocal cumulant ^ Gai3{x)G ^^{x') 
in the following way^'^^ 



{x — x') 



+ 



_d_ 

dXr 



{{x - x')i^Sp„ -{x- x')Jpf,)+ 



d 



dxp 



((x X ^i/Sqi^^ {x X j^^cKi/) 



{x — x') 
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where D and Di are two coefficient functions, expanding the second term on the right hand side 
of (2) in powers of — , where r is the size of the Wilson loop, in the same manner as it was done 
in^ and using (3) and (4), we finally get from equation (2) the following action of the SU{2) 
gluodynamics string in the bilocal approximation 



"^biloc. 
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— {d'xf + X''\{daX,){d,X,) - ^5ab) 

v9 



+ 



+eo j (fie''\dax^){d^x,)^^, + d^P^^uxPi^ux + O 



max 



(5) 



In (5) a = J^T^ j (fzD{z^),ao 
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j%4/d^..^(2Di(.^)-D(.^)) ' ^0 = h is the Lagrange multipher, 
det II Qab II, and wc have used the conformal gauge gab = y/gSab- 
One can now see that all the dependence on the spin of the representation of the Wilson loop has 
gone into the coupling constants. 

Thus expanding the Wilson loop, written through the nonabelian Stokes theorem suggested 
in^^, wc obtained an action of the SU{2) gluodynamics string, which occurcd to be the action of 
the rigid string coupled to the rank two antisymmetric Kalb-Ramond field <pp,v^'^- It was shown 
in^^ that there existed two phases in this theory, which were distinguished by the values of the 
order parameter m, defined from the mass gap equation 



/ 



p2(^p2 _^ ^2^ _|_ 'P^Vq{p) + Viip) tto 



where Vo(p) = SgoKQ{a\p\)^ = -^(a|p|i^i(a|p|) — 1), Kq and Ki were the Macdonald functions. 
In the disordered phase, corresponding to the values m > 0, the coupling constants ao and 
gQ are fixed by dimensional transmutation in terms of m and the cut-off a, while the phase 

corresponding to m = is characterized by the long range order of normals (absence of crumpling) 
and therefore may describe the gluodynamics string, as it could be expected. Notice also that 
the renormalized mass gap equation was derived, and it was shown that the phase transition 



m 



survived quantum fiuctuations. 

To conclude with we shall apply the Langevin approach^^ to stochastic quantization of our 
theory. To this end, by making use of the conformal gauge, we shall rewrite the Nambu-Goto 
term on the right hand side of equation (5) in an equivalent form^^ | / d'^^ [d^Xfj) {daXn) and then 
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neglect for simplicity the rigidity term, since it is of the highest order in Tg in comparison with 
the others. Therefore one gets from (5) the following Langevin equations 

- ad^'daX^ ^Vi^- y -P/.i/A£"^(5aa;i/) (dbXx) , (6) 

<i>ni^ - {dada(l)^u + 9^9a0^a + ^i/^a^a^) = Vni^ " eoS^'^\^±)e''\daXf,){dbX^), (7) 

where in (6) the Langevin time t has the dimension of the fourth power of length while in (7) it has 
the dimension of the square of length, 77^ and ?7^j, are two Gaussian noises, whose bilocal correlation 
functions have the form < "^^(x, t)rj„{x' , t') >= 25^u5{x — x')5{t — t'),< rifj_i,{x, t)riai3{x', t') >= 
= 1{5^5yp — S^p5ya)^{x — x')5{t — t'), and is a hyperplane perpendicular to the hyperplane 

The retarded Green functions of the operators standing on the left hand sides of equations 
(6) and (7) can be obtained via the Fourier transformation, and one gets from (6) and (7) the 
following integral-differential equations 



x,{U) = j dt' j d^i'G{i-i\t-t') 



d_ 

~~fb 



xxie, t') 



(8) 



z 



(9) 



where the Green functions G{^,t) and Q^u,ap{x,t) read 



e icrt 



Qnu,al3{x,t) - — 



V 



6 4* \ 1 , 

+ 325 {x)\^^\ ^i^oc^vXa + ^lyfiX^Xa - b^nXyXa - 6^aX^Xfi 



e 4t 



m{x) 



and the initial conditions a;^(,^,0) = O,0^j,(a;, 0) = were implied. Solving equations (8) and (9) 
perturbatively one can develop stochastic diagrammatic technique in the model under considera- 
tion in the coordinate representation. 



3. Conclusion 

In this letter we have shown how the Wilson loop expansion in SU (2) gluodynamics generates 
string effective action. To this end we have written the Wilson loop via the nonabehan Stokes 
theorem suggested in^^ and applied to it the cumulant expansion^'^^'^° in the bilocal 
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approximation^. After that, introducing an auxiliary Abelian field, which satisfies integral- 
differential equation (3), and integrating it over, we eliminated the coupling of the rigidity string 
term with the Wess-Zumino term, which fixed the representation of the Wilson loop. Then, Taylor 
expanding the second term of the cumulant expansion in powers of -y, where Tg is the correlation 
length of the vacuum^'^, and r is the size of the Wilson loop, we arrived at the action of the rigid 
string interacting with the rank two antisymmetric Kalb-Ramond tensor fields. This interaction 
is the long ranged Coulomb interaction, which should be cut off at the distances of the order of Tg, 
and its coupling constant is proportional to the spin of the representation of the Wilson loop and 
inversly proportional to the Coulomb cut-off. The dependence on the spin of the representation 
also appears in the Nambu-Goto string tension and the coupling constant of the rigidity term in 
contrast to'', where another version of the nonabelian Stokes theorem^^'^^ was applied to derivation 
of the string effective action. 

The obtained theory provides correspondence between its coupling constants and the gluody- 
namics coupling constant at high temperatures^'' in contrast to the free rigid string theory^^ and 
possesses a phase, where the normals to the string world sheet arc long ranged^^ and therefore is 
a much better candidate for the gluodynamics string than the free rigid string. 

Finally we derived the Langevin equations in this theory, where the highest in Tg rigidity term 
was neglected. After that we found the retarded Green functions of the differential operators, 
standing in these equations, and reduced the problem to the system of two integral-differential 
equations, which can be solved perturbatively. 
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